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PERIODIC INTEGRABLE SYSTEMS WITH DELTA-POTENTIALS 


E. EMSIZ, E.M. OPDAM AND J.V. STOKMAN 


Abstract. In this paper we study root system generalizations of the quantum Bose-gas 
on the circle with pair-wise delta-function interactions. The underlying symmetry struc¬ 
tures are shown to be governed by the associated graded algebra of Cherednik’s (suit¬ 
ably filtered) degenerate double affine Hecke algebra, acting by Dunkl-type differential- 
reflection operators. We use Gutkin’s generalization of the equivalence between the im¬ 
penetrable Bose-gas and the free Eermi-gas to derive the Bethe ansatz equations and the 
Bethe ansatz eigenfunctions. 


1. Introduction 

Given any affine root system S, Gutkin and Sutherland UD], inn defined a quantum 
integrable system whose Hamiltonian —A -|- V has a potential V expressible as a weighted 
sum of delta-functions at the affine root hyperplanes of S. For the affine root system of 
type A, the quantum integrable system essentially reduces to the quantum Bose-gas on 
the circle with pair-wise delta-function interactions, which has been subject of intensive 
studies over the past 40 years. 

The special case of the impenetrable Bose-gas on the circle was exactly solved by re¬ 
lating the model to the free Fermi-gas on the circle (see Girardeau jH]). Soon afterwards 
fundamental progress was made for arbitrary pair-wise delta function interactions by Lieb 
& Liniger a, Yang inzi and Yang & Yang leading to the derivation of the associ¬ 
ated Bethe ansatz equations and Bethe ansatz eigenfunctions. Yang & Yang [221 showed 
that the solutions of the Bethe ansatz equations are controlled by a strictly convex master 
function. One of the aims of the present paper is to generalize these results to Gutkin’s 
and Sutherland’s quantum integrable systems associated to affine root systems. 

Quantum Galogero-Moser systems are root system generalizations of quantum Bose- 
gases on the line or circle with long range pair-wise interactions. In special cases quantum 
Galogero-Moser systems naturally arose from harmonic analysis on symmetric spaces. A 
decisive role in the studies of quantum Galogero-Moser systems has been played by certain 
non-bosonic analogs of these systems, which are defined in terms of Dunkl-type commuting 
differential-reflection operators. Suitable degenerations of affine Hecke algebras naturally 
appear here as the fundamental objects governing the algebraic relations between the 
Dunkl-type operators and the natural Weyl group action. 

In this paper we define Dunkl-type commuting differential-reflection operators associated 
to the root system generalizations of the quantum Bose-gas with delta-function interac¬ 
tions. We furthermore show that the Dunkl-type operators, together with the natural 
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affine Weyl group action, realize a faithful representation of the associated graded alge¬ 
bra of Cherednik’s [3] (suitably hltered) degenerate double affine Hecke algebra. These 
results show that these quantum integrable systems naturally £t into the class of quantum 
Calogero-Moser integrable systems, a point of view which also has been advertised from 
the perspective of harmonic analysis in na Sect. 5]. 

The quantum integrable systems under consideration for affine root systems S of classical 
type still have reasonable physical interpretations in terms of interacting one-dimensional 
quantum bosons. In these cases various results of the present paper can be found in the 
vast physics literature on this subject. We will give the precise connections to the literature 
in the main body of the text. 

The knowledge on the quantum Bose-gas with pair-wise delta-function interactions still 
far exceeds the knowledge on its root system generalizations. In fact, an important feature 
of the quantum Bose-gas with pair-wise delta-function interactions is its realization as 
the restriction to a hxed particle sector of the quantum integrable held theory in 1 -|- 
1 dimensions governed by the quantum nonlinear Schrodinger equation. This point of 
view has led to the study of this model by quantum inverse scattering methods. With 
these methods a proof of full orthogonality of the Bethe eigenfunctions on a period box 
(with respect to Lebesgue measure) is derived in [S] and the quadratic norms of the Bethe 
eigenfunctions are evaluated in terms of the determinant of the Hessian of the master 
function (conjectured by Gaudin |Sl Sect. 4.3.3] and proved by Korepin pUji. 

At this point we can only speculate on the generalizations of these results to arbitrary 
root systems. The quantum inverse scattering techniques are only in reach for classical 
root systems, in which case we have quantum held theories with (non)periodic integrable 
boundary conditions to our disposal, see [211. In general it seems reasonable to expect 
that the Bethe eigenfunctions are orthogonal on a fundamental domain for the rehection 
representation of the affine Weyl group (with respect to Lebesgue measure), and that their 
quadratic norms are expressible in terms of the determinant of the Hessian of the master 
function at the associated spectral point. 

The contents of the paper is as follows. Sections 01 and (21 are meant to introduce the 
quantum integrable systems and to state and clarify the results on the associated spectral 
problem. We hrst introduce in Section 01 the relevant notations on affine root systems. Fol¬ 
lowing Gutkin m we formulate the spectral problem for the quantum integrable systems 
under consideration as an explicit boundary value problem. We state the main results 
on the boundary value problem (Bethe ansatz equations and Bethe ansatz eigenfunctions) 
and we introduce the associated master function. In Section 01 we formulate the analog of 
Girardeau’s equivalence between the impenetrable Bose-gas and the free Fermi-gas on the 
circle for the quantum integrable systems under consideration. 

In Section 1 ^ we introduce Dunkl-type commuting differentiai-rehection operators and 
show that they realize, together with the natural affine Weyl group action, a faithful real¬ 
ization of the associated graded algebra H of Gherednik’s |2] (suitably filtered) degenerate 
double affine Hecke algebra. In Section 01 we show that Gutkin’s m integral-rehection op¬ 
erators, together with the ordinary directional derivatives, yield an equivalent realization 
of H. The equivalence is realized by Gutkin’s m propagation operator. We furthermore 
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show that the Dunkl operators naturally act on a space of functions with higher order 
normal derivative jumps over the affine root hyperplanes. 

In Sectioniniwe return to the boundary value problem of Section|21 Using the Hecke-type 
algebra H we refine and clarify Gutkin’s m generalization of Girardeau’s equivalence be¬ 
tween the boundary value problem for the impenetrable Bose gas and the boundary value 
problem for the free Fermi-gas as formulated in Sectional The results in this section entail 
that the boundary value problem is equivalent to a boundary value problem with trivial 
boundary value conditions, at the cost of having to deal with a non-standard affine Weyl 
group action. In Section [7| we study the reformulated boundary value problem, leading in 
SectionlSlto the derivation of the Bethe ansatz equations. In SectionElwe study the master 
function and show how it leads to a natural parametrization of the solutions of the Bethe 
ansatz equations. In Section the solutions of the Bethe ansatz equations are further 
analyzed. In Section h is proved that the boundary value problem has solutions if and 
only if the associated spectral value is a regular solution of the Bethe ansatz equations. 
In case of root system of type A, this is known as the Pauli principle for the interacting 
bosons. 

Acknowledgments: This research was supported in part by a Pionier grant of the Nether¬ 
lands organization for Scientihc Research (NWO) (Emsiz and Opdam (program coordina¬ 
tor)). Stokman was supported by the Royal Netherlands Academy of Arts and Sciences 
(KNAW) and by the Netherlands Organization for Scientihc Research (NWO) in the VIDI- 
project “Symmetry and modularity in exactly solvable models”. 

2. The boundary value problem 

In this section we recall Gutkin’s im reformulation of the spectral problem for periodic 
integrable systems with delta-potentials in terms of a concrete boundary value problem. 
We furthermore state the main results on the solutions of the boundary value problem and 
we detail the physical background. 

In order to hx notations we start by recalling some well known facts on affine root 
systems, see e.g. na for a detailed exposition. Let V be an Euclidean space of dimension 
n. Let So be a hnite, irreducible crystallographic root system in the dual Euclidean space 
V*. We denote (■, ■) for the inner product on V* and || ■ || for the corresponding norm. The 
co-root of a G So is the unique vector G U satisfying 

= veeV. 

||a|p 

We write Sq = {a^jaeSo for fhe resulting co-root system in V. We hx a basis Iq = 
{oi, ..., an} for the root system So. Let So = Sq USq be the corresponding decomposition 
in positive and negative roots. We denote p G U* for the half sum of positive roots and 
ip G Sq for the highest root with respect to the basis Iq. The highest root p is a long root 
in So. We dehne the fundamental Weyl chamber in V* by 

(2.1) u; = {eew|e(«^)>o v«gs+}. 
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Let V be the vector space of affine linear functionals on V. Then V ~ IL* © M as vector 
spaces, where the second component is identihed with the constant functions on V. The 
gradient map D ■. V ^ V* is the projection onto V* along this decomposition. 

The subset S = Sq + Z C Id is the affine root system associated to Sq. We extend the 
basis Iq of Sq to a basis I = {oq = —+ 1, Oi, ..., a„} of the affine root system S. Observe 
that D maps S onto Eq. 

For a root a G S, 

Sa{v) = V — a{v)Da^, v eV 

dehnes the orthogonal reflection in the root hyperplane 14 := a“^(0). The affine Weyl group 
W associated to E is the sub-group of the affine linear isomorphisms of V generated by the 
orthogonal reflections Sa (a G E). The sub-group Wq C W generated by the orthogonal 
reflections Sa (« G Eq) is the Weyl group associated to Eq. We denote Wq for the longest 
Weyl group element in Wq. It is well known that W (respectively IFo) is a Coxeter group 
with Coxeter generators the simple reflections Sj = Saj for j = 0,... ,n (respectively Sj for 

A second important presentation of W is given by 

(2.2) W ~ Wo X Q"', 

with Q'^ = ZEq C V the co-root lattice of Eq, acting by translations on V. The gradient 
map D induces a surjective group homomorphism D :W ^ Wq by D{sa) = SDa for a G E. 
Alternatively, Dw = n if n G Wq is the Wo-component of w in the semi-direct product 
decomposition (Q- 

The space V of affine linear functionals on 1/ is a W-module by {wf){v) = f{w~^v) 
{w E W, f E V,v e V). Observe that V* is Wo-stable, and 

for roots a G Eq. Furthermore, 

s„(Eo) = Eo, Sa(E) = E 

for a G Eq and a G E. The length of tc G W is dehned by l{w) = #(E+ fl tc“^E“). 
Alternatively, l{w) is the minimal positive integer r such that w E W can be written as 
product of r simple reflections. Such an expression w = Sj^^Sj^ ■ ■ ■ {jk G {0,..., n}) is 
called reduced. 

The weight lattice of Eq is dehned by 

p = {XeV* I A(a'') G Z Va G Eq}. 

Another convenient description is 

(2.3) p = {XeV* I wX{(p'^) G Z Vw G Wo}, 

which follows from the fact that Q'^ is already spanned over Z by the short co-roots in Eg. 
We denote (respectively P~^~^) for the cone of dominant (respectively strictly dominant) 
weights with respect to the choice Eg of positive roots in Eq. Recall that P~^~^ = P + 
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We write Virreg = UaGE+ for the irregular vectors in V with respect to the affine root 
hyperplane arrangement {14 | a G S"*"}. Its open, dense complement 14eg ■= V \ Virreg is 
called the set of regular vectors in V. 

We denote C for the collection of connected components of 14 eg- An element C E C 
is called an alcove. The affine Weyl group W acts simply transitively on C. Explicitly, 
Vreg = U«)gw'^(^+) (disjoint union) with the fundamental alcove C+ dehned by 

C+ = { u e fo I aj(u) > 0 (j = 0,..., n) }. 

We call a vector v E Va {a E S"*") sub-regular if it does not lie on any other root hyperplane 
Vbia^bE S+). 

The symmetric algebra S{V) is canonically a hho-module algebra. Using the standard 
identihcation S{V) ~ P{V*) where P{V*) is the algebra of real-valued polynomial func¬ 
tions on V*, the Wo-module structure takes the form 

(u;p)(0=p(wi-'0, wieWo, ee W. 

We denote and P(V*)^° for the subalgebra of Wo-invariants in S{V) and P{V*), 

respectively. 

Let dr (u G U) be the derivative in direction v, 

{dvf){u) = ^ f{u + tv) 
at 

for / continuously differentiable at u G U. The assignment u i—>■ uniquely extends to an 

algebra isomorphism of S{V) onto the algebra of constant coefficient differential operators 
on V (say acting on C°°{y)). We denote p{d) for the constant coefficient differential 
operator corresponding to p G S{V) ~ P{V*). For example, the Wo-invariant constant 
coefficient differential operator P 2 {d) associated to the polynomial P 2 (') = || ■ IP ^ 
is the Laplacean A on V. 

The quantum integrable system which we will dehne now in a moment depends on certain 
coupling constants called multiplicity functions. 

Definition 2.1. A multiplicity function k is a W -invariant function /c : S —M satisfying 
k{a) = k{Da) for all a G S. 

Unless stated explicitly otherwise, we hx a strictly positive multiplicity function k ^ 
M>o. To simplify notations we write ka for the value of k at the root a E T,. 

We dehne the quantum Hamiltonian by 

( 2 . 4 ) nk = -A + J2kaS{a{-)), 

aGE 

where 6 is the Kronecker delta-function. Here we interpret Tik as a linear map Tik ; C(y) 
D'iy), with C{y) the complex-valued continuous functions on V and D'iV) the space of 
distributions on V, as 

(lffc/)(4) :=-f /(u)(A4)(u)du + ^ f f{v)(j){v)daV 

JV II II >''14 


(2.5) 
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for a test function 0, with dv the Euclidean volume measure on V and daV {a G S+) the 
corresponding volume measure on the root hyperplane I 4 . 

The quantum Hamiltonian Tik and the associated quantum physical system has been 
studied in e.g. HH, UDI and m- A key step in these investigations is the reformulation 
of the spectral problem for Tik in terms of an explicit boundary value problem for the 
Laplacean A on V, which we now proceed to recall. 

Let CB^{V) be the space of complex valued continuous functions f on V whose re¬ 
striction f\c to an alcove C & C has a continuously differentiable extension to some open 
neighborhood C D C. Let be the space of functions / G CB^{V) which satisfy 

the derivative jump conditions 

(2.6) (doa'^f) {v + ODa^) - (dna'^f) {v - ODa^) = 2kaf{v) 
for sub-regular vectors v ^ Va {a E E+). 

Proposition 2.2. For f G CB^{V) and E E C the following two statements are equivalent. 

(i) Hkf = Ef as distributions on V. 

(ii) / e and A/|„„, = -Ef\v„, as distributions on Vreg- 

A function f E CB^fV) satisfying these equivalent conditions is smooth on Vreg- 

Proof. The first part of the proposition follows from a straightforward application of 
Green’s identity (cf. the proof of [TTl Thm. 2.7]). The last statement follows from the fact 
that the constant coefficient differential operator A -|- E on H is (hypo)elliptic. □ 

The quantum physical system with quantum Hamiltonian Tik is known to be integrable. 
The common spectral problem for the associated quantum conserved integrals has been 
translated by Sutherland and Gutkin EH. PI into the following boundary value problem. 

Definition 2.3. Fix a spectral parameter A G := C 0k V*. We denote BVPfc(A) for 
the space of functions f E solving {in distributional sense) the system 

(2.7) p(a)/|,, =P(A)/|^ VpeS(l/)**'» 

of differential equations away from the root hyperplane configuration Uaes+ 

Remark 2.4. Since A = P 2 {d) is the Laplacean on V, Proposition 12.21 implies that a function 
/ G BVPfc(A) is smooth on Vreg and satisfies the differential equations (j2.7|l in the strong 
sense. The fact that / is an eigenfunction of all hPo-iavariant constant coefficient differential 
operators on Vreg in fact implies that /|c is the restriction of a (necessarily unique) analytic 
function on V for all alcoves C E C, see EOI. 

The central theme of this paper is the study of the subspace BVPfc(A)^ C BVP(A) of 
IT = Ho x Q'^-invariant solutions, where W acts on BVPfc(A) C G^’^^i(H) by 

(2.8) {wf){v) = f{w-\) 

for to G H^ and v E V. Our focus on H^-invariant solutions thus amounts to studying the 
bosonic (=H7)-invariant) theory of the quantum system under Q^-periodicity constraints 
(or equivalently, we view the quantum system on the torus V/Q'^). 
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Example 2.5 (Free case fc = 0). A function / G BVPo(A) is a distribution solution of the 
(hypo)elliptic constant coefficient differential operator A — P 2 (A) on V, hence / is smooth 
on V (cf. Proposition I2.2jl . Combined with Remark in we conclude that a function 
/ G BVPo(A) is analytic on V. Then BVPo(A)'^ (A G are the common eigenspaces of 
the quantum conserved integrals for the free bosonic quantum integrable system on V/Q'^ 
associated to the Laplacean A on V. It is easy to show that BVPo(A)'^ is zero-dimensional 
unless A G 2niP, in which case it is spanned by the plane wave 



1 

Wo 


wGWq 


(cf. the analysis in the impenetrable case A; = cx) in Sectional). 

The quantum Hamiltonian (Q for So of type An takes the explicit form 


—A + k''^^ S{xi — Xj + m). 

niGZ l<ij^j<n+l 

Here we have embedded V into as the hyperplane dehned by Xi ■ -PXn+i = 0. The 
study of hF-invariant solutions to the boundary value problem then essentially amounts 
to analyzing the spectral problem for the system describing n -|- 1 quantum bosons on the 
circle with pair-wise repulsive delta-function interactions. In this special case the quantum 
system has been extensively studied in the physics literature, see e.g. jS], |23, |22|; |S2], 
jH] and [IH]. The upgrade to other classical root systems amounts to adding particular 
reflection terms to the physical model, see e.g. ra, 0. i, lEi, 113 and 1211 • 

We are now in a position to formulate the main results on the solution space of the 
boundary value problem. We call the spectral value A G = F* © iV* regular if its 
isotropy sub-group in Wq is trivial (equivalently, A(q;^) ^ 0 for all a G Sq). We call A 
singular otherwise. Furthermore, A is called real (respectively purely imaginary) if A G F* 
(respectively A G iV*). Dehne the c-function by 

(2.9) H.(A) ^ n 

«6S+ 


as rational function of A G cf. |S1, US]. 

Theorem 2.6. Let A G V^. The space BVPfc(A)'^ of W-invariant solutions to the boundary 
value problem is one-dimensional or zero-dimensional. It is one-dimensional if and only if 
the spectral value X is a purely imaginary, regular solution of the Bethe ansatz eguations 


( 2 . 10 ) 


= TT / wX{a^) - ^ 

+ V'“^A(q;^) + ka) 


Ww G IFo 


//BVPfc(A)’^ is one-dimensional, then there exists a unique 0^ G BVPfc(A)’^ normalized 
by 0^(0) = 1. The solution is the unique W-invariant function satisfying 



1 

w 


wGWq 


( 2 . 11 ) 


veC+. 
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We give a reformulation of Theorem I2.f)l in Section El The Bethe ansatz equations are 
derived in Section |H1 The regularity constraint on A is proved in Section EJ 


Remark 2.7. The Bethe ansatz equations (ITTUl) can be rewritten as 


( 2 . 12 ) 






k, 


due to the fact that for a G Sq , 


n 




wX{a^) — ka 

wX{q^) + ka ’ 


kw e Wo, 


(2.13) 


a{ip^) = 


if a = (p, 

if a G (S+ ns^Sp) \{(y9}, 
if a G Sq n s^Sq . 


A key role in the analysis of the Bethe ansatz equations (ITTUl) is played by the following 
master function. 


Definition 2.8. The master function Sk '■ P x V* 


(2.14) 5,(/r,0 = 2llelP-2vr(/r,0 


1 


E 

aSSo 


\a\ 


is defined by 

/ t 

arctan | — 

fcn 


'0 


dt. 


The master function Sk enters into the description of the set BAE^ of solutions A G iV* 
of the Bethe ansatz equations (iniiD in the following way. 


Proposition 2.9. For E P there exists a unique extremum fik G V* of the master 
function Sk{fi, •). The assignment fi ^ ifi^ defines a Wo-equivariant bijection P BAE^. 

The proof of Proposition 12.9L which hinges on the strict convexity of S'fc(/i, •) {fi E P), 
is given in Section El The regularity condition on the spectrum in Theorem 12.bl also turns 
out to be a consequence of the strict convexity of the master function S'fc(/i, •) (/i G P), see 
Section ET] 

The following proposition yields precise information on the location of the deformed 
weight ifih E BAE^.. 


Proposition 2.10. For /i G P~^ and (3 E S))" we have 


(2.16) 


2irfi(A) 

(1 + 6?) 




where h^ = 2 ^ • Furthermore, fv E P^ if and only if Jik ^ Vf. 


Proposition 12.1 ()| is proved in Sectional The lower bound in (j2.15j) shows how far away 
the spectral values /ifc G (/r G P~^~^) are from being singular. 

The Bethe ansatz functions 0^ and the necessity of the Bethe ansatz equations (ITTUl) 
on the allowed spectrum were obtained by Lieb and Liniger |22j for root system Sq of type 
An, and soon after generalized to root system Eq of type Dn by Gaudin I7|> |S| (see also 
[12]). For So of type An, Yang and Yang |2S| introduced the master function S (also known 
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as the Yang-Yang action) and derived the special case of Proposition 12.91 nsing its strict 
convexity. 

In physics literature the regularity of the spectral parameter A (see Theorem EEl) is usu¬ 
ally imposed as an additional requirement, since it automatically ensures that eigenstates 
admit a plane wave expansion within any alcove C G C. The regularity condition for root 
system Sq of type An can be viewed as a Pauli type principle for the interacting quantum 
bosons, since it implies that the momenta of the quantum bosons are pair-wise different. 
An actual proof of the regularity of the spectrum was obtained by Izergin and Korepin 
[TH] using quantum inverse scattering methods. In this derivation the regularity condition 
again follows from the strict convexity of the master function. Estimates for the momenta 
gaps of the quantum particles play a role in the study of the thermodynamical limit, see 
m and . See e.g. Sect 4.3.2j for the exact analog of the estimates fj2 .1A j) for Eq of 
type An. 

It is believed that quantum integrable systems governed by a strictly convex master 
function always have a regularity constraint on the spectrum, although a conceptual un¬ 
derstanding is not known as far as we know. We remark though that our derivation of the 
regularity constraint on the spectrum is in accordance to this point of view. A conceptual 
understanding of the partly fermionic nature of the quantum integrable system at hand is 
given in the next section. 

3. Generalization oe Girardeau’s isomorphism 

Let C^iy) be the space of complex valued, real analytic functions on V, which we 
consider as a IT-module with respect to the usual action (EH). Consider for A G the 
space 

(3.1) £(A) = {/ e c“(l/) I p(a)f = p(A)/ Vp e Sin"”}, 
which is a VP-submodule of C‘^(V). We observed in Example 12.51 that 

(3.2) E(A) = BVPo(A), A G YcL 

In this section we give a convenient description of the solution space BVPfc(A)^ of the 
boundary value problem fPefinition I2.3|l in terms of the space of invariants in E(A) with 
respect to a /c-dependent lY-action by integral-reflection operators. We will view this 
result as a natural generalization of Girardeau’s jU] equivalence between the impenetrable 
quantum Bose-gas and the free quantum Fermi-gas on the circle to arbitrary root systems 
and to arbitrary multiplicity functions k. 

We start by generalizing Girardeau’s [S] results on the impenetrable quantum Bose-gas 
on the circle to arbitrary affine root systems. Denote E{X)^ for the subspace of Q'^- 
translation invariant functions in E{X). 

Lemma 3.1. For X G V^, we have E{X)^^ = {0} unless X G 2niP. For X G 2mP the 
space E{X)^'' is spanned by e^ (/i G BoA). 
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Proof. By BDl. a function / G E{X) can be uniquely expressed as f{v) = 

where G P{V)c, see also Sectional Such a nonzero function / is Q^-translation invariant 

iff 

( 3 . 3 ) p^{v + = Pf,{v) 

for all /i G WqX, V E V and 7 G Q'^. This implies that A G iV* and that is bounded on V 
for all /i G WqX. The latter condition implies that p^ is constant for all p G WqX. Returning 
to (jd.dj) with Pfj_ G C, the Q^-translation invariance of / is equivalent to p{Q'^) C 27rzZ if 
p^ 7 ^ 0. Hence E{X)^^ = {0} unless A G 27riP, in which case E{X)^'' is spanned by 
(p G VToA). □ 

We denote E{X)~'^ for the space of functions / G E{X) satisfying f{w~^v) = (— 
for all tc G IT and v E V. Since translations p G C W have even length, E{X)~^ 
consists of Q^-translation invariant functions. In particular, E{X)~^ is the solution space 
to the spectral problem for free fermionic quantum integrable system on V/Q'^ associated 
to the Laplacean A on V. 

Corollary 3.2. Let X E The space E{X)~^ is zero-dimensional or one-dimensional. It 
is one-dimensional iff X is a regular element from 2niP, in which case E{X)~^ is spanned 
by 

(3.4) v-r = ^ n E 

^ ° aeSo weWo 

Proof. Let A G 2TTiP and / = XI^gvkoA^ P(A)*^^ with G C, cf. Lemma EHI Then 

we have / G E{X)~^ iff c^a = (—for all w E Wq. For singular A this implies 
= 0 for all p G hFoA. For regular A we conclude that / is a constant multiple of 
E E{X)-^. □ 

Following the analogy with Girardeau’s jU] analysis of the impenetrable quantum Bose- 
gas on the circle, we dehne now a linear map G : C‘^{V) —>■ Ciy)^ by 

( 3 . 5 ) {Gf){w-^v) := /(n), w eW, v ECf. 

The map G is injective: for g E GiV)^ in the image of G, the function G~^g is the unique 
analytic continuation of p|c+ to V. 

For fc = cxo we interpret the boundary conditions (12. 6 |) as f\v^ = 0 for all a E E+. The 
solution spaces BVPoo(A)'^ of the associated boundary value problem (see Dehnition 12.311 
can now be analyzed as follows. 

Proposition 3.3. For X E we have 

(i) The map G restricts to a linear isomorphism G : E{X)~^ —BVPoo(A)'^. 

(ii) The space BVPoo(A)'^ is zero-dimensional or one-dimensional. It is one-dimensional 
iff X is a regular element from 2niP. In that case BVPoo(A)'^ is spanned by := G{'if>’ff), 
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which is the unique W-invariant function satisfying 




1 

Wo 


aeS+ w&Wo 


V e C'+. 


Proof, (i) A function / G E{X)~^ vanishes on the root hyperplanes 14 (a G S’*"), hence so 
does g := G{f) G CiV)^. The function g furthermore satisfies the differential equations 
fj2.7|l . hence g G BVPoo(A)'^. 

For g G BVPoo(A)'^ we dehne / = G{g) G G{V)~^ by f{w~^v) := {—iy^'^'>g{v) for w G 
W and V G G+. This is well defined since g vanishes on the root hyperplanes 14 (a G F1+). 
Since / is hF-alternating we have / G The function / satisfies the differential 

equations (EZI, hence / G BVPo(A) ^ = E{X) ^, where the last equality follows from 
(ES). The proof is now completed by observing that G : BVPoo(A)'^ — E(X) ^ is the 
inverse of the map G : E{X)~^ BVPoo(A)'^. 

(ii) This follows from (i) and Corollary ld/21 □ 

For root system Sq of type A, Proposition Id.dl is due to Girardeau jH] . 

For the generalization of Proposition Id.dl to arbitrary multiplicity function k it is conve¬ 
nient to reinterpret the space E{X)~^ as follows. Consider the integral operator 

Mv) 

(3.6) (X(a)/)(n)= / f{v — tDaX')dt (a G S) 

Jo 

as linear operator on G{y). The integral operators X(a) (a G /) satisfy the braid relations 
of S as well as the quadratic relations X(a)^ = 0, cf. e.g. [12]. In particular, given a reduced 
expression w = Si^Si^ ■ ■ for w G VF, the operator Qoo{w) := X{aif)X{ai^) ■ ■ 

is well defined. Denote 

EWq.. - {/ e E(\) I Q^{w)f = 0, Vu. e IV \ {e}}. 
where e G hF is the unit element of hF. We now have the following simple observation. 


Lemma 3.4. For f G G{V) and b & X we have Sbf = —f if and only if X{b)f = 0. In 
particular, E{X)-^ = E{X)^^ for all A G 14*. 

Proof. It is immediate that X{b)f = 0 if Sbf = —f. The converse follows from the fact that 


(3.7) dDb-{Ah)f)=f + Sbf, 

cf. in Lem. 2.1(iii)]. □ 

By Lemma E31 Proposition ESKi) can be reformulated as the statement that the map 
G restricts to an isomorphism 

(3.8) G : E(X)'^^ EU BVPc„(A)"'. 

The isomorphism (EHl) can now be generalized to arbitrary multiplicity function k as 
follows. In the terminology of Gutkin [T2|, the system of integral operators {kbl{b)}b£-z+ 
is an operator calculus with respect to the affine Weyl group IF for arbitrary multiplicity 
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function k. This implies that the assignment h-^ Qk,a (« £ I), with the integral- 

reflection operators 

(3.9) {Qk,af){v) = f{sav) + ka{l{a)f){v), o G S, / e C{V), 

uniquely defines a IV-action on C(V"), cf. [TT], [12] or Section El Accordingly, we write 

Qk{u!) ■— Qk,ai^Qk,ai^ ' ' ' Qk,ai^ 
for w = Si^Si^ ■ ■ ■ Si^ G W. Note that 

Qoo{w) = lim k~^Qk{w), Ww e W, 

k^oo 

where kw := /cq. ka^ ■ ■ ■ kai^ for a reduced expression w = SjjSjj ■ ■ • G W. The general¬ 
ization of (HBj) for arbitrary multiplicity function k is now the statement that the map G 
restricts to a linear isomorphism 

(3.10) G : E(A)S„ Al, bVP,(A)^ 

for arbitrary positive multiplicity function fc, where E{\)q^ is the subspace of Qk{W)- 
invariant functions in E{X). The proof of (IT1()|1 will be given in Section 121 

With the isomorphism (ITTUl) at hand, Theorem 12.hi is equivalent to the following theo¬ 
rem. 


Theorem 3.5. Let A G V^. The space E{X)'q^ is one-dimensional or zero-dimensional. 
It is one-dimensional if and only if X is a purely imaginary, regular solution of the Bethe 
ansatz equations (12.101) . If E{X)^^ is one-dimensional then 


(3.11) 




1 


dfc(n;A)e"'"h)^ 

uiSWo 


Vn G 1/ 


is the unique function in E{X)^^ normalized by '^^(0) = 1. 

Theorem 13.51 is proved in Section |S] under the assumption that A is regular. The assertion 
that A is necessarily regular is proved in Section ITTl 

In order to reveal the full symmetry structures underlying the isomorphism (IXTUl) , we 
will consider the upgrade of the map G to a fc-dependent linear isomorphism Tk of CiV) 
which intertwines the QkiW)-a.ction with the usual IT-action (I2.8|l . and which acts as G 
when applied to Qk{W)-mvaiia.nt functions. The map which does the job is Gutkin’s [TT] 
propagation operator, defined by (Tfc/) {w -'0 = (<?(= (w)f) (v) for w G IT and v G G+ (see 
Section El for details). The propagation operator now restricts to an isomorphism 


(3.12) Tk : E(X) ^ BVPfc(A) 

for all A G Vc (^f- IHI and Theorem ESD, which implies (IXTUll by restricting to the 
subspaces of IT-invariant functions. 

We conclude this section by considering the limit to the impenetrable case k = oo. The 
Bethe ansatz equations (ITTUl) then reduce to 

gU,A(c^V) ^ ^ VW G Wo, 
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which has 2'KiP as purely imaginary solutions A (see (Q). Furthermore we have 
(3.13) lim /ifc = 27r/i 

fc—>00 

for /X G P"*", which follows by taking the limit fc —>■ cxo in (I2.15|l . For A = i/Xfc G iV* 
(/i G a regular solution to the Bethe ansatz equation, G P(A)^ (see (EH}) can 

alternatively be written as 

Vt = ii4r E %(“’)(«"). 


#W« 


wGWq 


see na or Section [7| It follows that 






for fi G P~^~^, uniformly on compacta. Pulling the limits through the map G, we obtain 


for n G P~^~^, uniformly on compacta. 


4. Dunkl operators and Hecke algebras 

It is well known that conserved integrals for quantum integrable systems of Calogero- 
Moser type can be conveniently expressed in terms of Dunkl-type operators, which are 
explicit commuting first-order differential-reflection operators, see e.g. [Hj, [HI and p. 
The Dunkl operators, together with the usual Weyl group action ES}, form a faithful 
representation of suitable degenerations of affine Hecke algebras, see pHl Cor. 2.9]. The 
exploration of these structures has been instrumental in solving the corresponding quantum 
integrable systems. 

In this section we derive the Dunkl-type operators and the underlying Hecke algebra 
structures for the periodic quantum integrable systems with delta-potentials as introduced 
in Section 121 We initially define the Dunkl operators as explicit differential-reflection op¬ 
erators on the space C°°(I4-eg) of smooth functions on Vreg- In SectionlHlwe obtain the key 
result that these Dunkl operators act on the solution space BVPfc(A) to the boundary value 
problem. Together with the usual hF-action EH, the space BVPfc(A) then becomes a mod¬ 
ule over the associated graded algebra of Cherednik’s j2] (suitably filtered) degenerate 
double affine Hecke algebra. 

On the other hand, we will show in Section |21 that the hF-action Qf^ on E{X) together 
with the directional derivatives dy {v G V) makes E{X) into a iiffc-module. With these 
upgraded symmetry structures, Gutkin’s propagation operator turns out to yield an 
isomorphism 

n : E{X) ^ BVPfc(A) 

of i/fc-modules for all A G . It is this particular isomorphism which is explored in Section 
El to (re-)prove and clarify crucial results on the boundary value problem (see Definition 
EH, as well as on the associated bosonic theory. 
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We denote x ^ \ {0} —>■ {0,1} for the characteristic function of the interval (—oo, 0), 

so xi^) = 1 if ic < 0 and x{^) = 0 if x > 0. For a G S the function Xai^) := x{ci{v)) 
{v G Vreg) dchues a smooth function on Vreg, which is constant on the alcoves C of Weg- 
In fact, for w & W and a G S’*' we have 


(4.1) 


Xa\w~'^C+ 


1 if wa G E 

0 if wa G E+, 


hence Xa is nonzero on a given alcove w {w G W) for only hnitely many positive roots 
a G E+. The Dunkl-type operators 


(4.2) V^ = dy+ ^ kaDa{v)xa{-)sa (v G V), 

aeE+ 


thus dehne linear operators on C°°(Vreg), which depend linearly on n G Id. For / G 
C°°(Weg) and w e IV we have by (10) 


(4.3) 


'E’yi®-ic+ = ^ KDa{v)s^f^ 

agE+n-iii-lS- 


w~^C+ 


In particular, for the fundamental alcove (7+ we simply have 
(4.4) V^Jlcx = dj\c^. 

The Dunkl operators {v G Id) and the PF-action (12.8|) on C°°{Vreg) satisfy the following 
fundamental commutation relations. 


Theorem 4.1. (i) We have the cross relation 

SaV^ = V^soaWa + kaDa{v), u G F, a G /. 
(ii) The Dunkl operators {v G V) pair-wise commute. 

Proof, (i) Fix n G F and a & I. By a direct computation we have 

4 ” ^ ^ kfjDbi^S£iaV^Xb{,'^^b- 

feeSaS + 


Since = (S+ \ {a}) U {—a} we obtain 

SaV^ = - kaDa{sDaV){Xa{-) + X-a(-)) 

= + kaDaiv), 

which is the desired cross relation. 

(ii) We derive the commutativity of the Dunkl operators {v G F) as a direct con¬ 
sequence of (glD and the cross relation. Let / G C°°(Feg) and v,v' G F. We show by 
induction on the length l{w) of tc G IF that 

(4.5) i®;.o;.i/u-.c+ = o. 
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By (jOD, equation (I13D is obviously valid for w = e the unit element of W. To prove the 
induction step, it suffices to show that 


(4.6) 


sjp;,©*] = [V 


k jjk -I 
SDa't!’’ “ 


for all a G /. For the proof of (M, hrst observe that 

(4.7) = K(Da(v’)Vl + Da(v)Vl, - Da(v)Da(v')V‘i,,.) 

for all a E I, which follows from applying the cross relation twice. Now (gH) follows from 
the fact that the right hand side of (jUD is symmetric in v and v'. □ 


By Theorem Id.llf iiT the assignment v i—>■ uniquely extends to an algebra morphism 

SiV)c End(C“(14-eg)). We denote p{V^) for the differential-reflection operator on 
C°°(Weg) associated to p G S'(ld)c. 


Theorem 4.2. (i) There exists a unique complex unital assoeiative algebra Hk = Hk{H) 
satisfying 

(a) Hk = 5'(E)c ® C[hF] as vector spaces, with C[hF] the group algebra ofW. 

(b) The maps p ^ p®e and w ^ l®w, with e E W the unit element ofW, are algebra 
embeddings of S(y)c and C[hF] into Hk- 

(c) The cross relations 

Sa-V - [sDaV) ' Sa = kaDa{v) 

holds in Hk for a E I and v E V EL S(y)c- Here we have identified S'(ld)c and 
C[hF] with their images in Hk through the algebra embeddings of (h). 

(ii) The assignment p h->• pifD^) {p E S'(ld)c), together with the W-action ()2.8j) . defines a 
faithful representation iik ■ Hk ^ End(C°°(14.eg))- 

Proof. Suppose that Yhw&w = 0 as an endomorphism of with only 

finitely many G S'(E)c’s non zero. We show that all p^’s are zero. Equation (j4.4|l 
implies 

(4.8) 5]p»(S)(tt'/)lc* =0, /eC“(K.»). 

uigW 

Applying (14.81) to functions / of the form u~^g with u eW and with g E C'°°(Weg) having 
support in the fundamental alcove C+, we conclude that Pu{d) = 0 as a constant coefficient 
differential operator on smooth functions in some open ball D EL hence p^ = 0. 

The proof of the theorem is now standard: let Hk be the complex unital associative 
algebra generated hy v E V and Sa (a G I) with defining relations as in (b) and (c) 
(so the vectors v E V pair-wise commute, the Sa (a G I) are involutions satisfying the 
Coxeter relations associated to S and I, and the generators satisfy the cross relations 
from (c)). By Theorem 14.11 and by the paragraph preceding this theorem, the assignment 
V ^ together with the PF-action (El), uniquely defines an algebra morphism iik '■ 
Hk End(C°°(Keg))- By the previous paragraph and by the cross relations in Hk it 
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follows that TTfc is injective and that Hk — S{V)c ® C\W] as vector spaces (the Poincare- 
Birkhoff-Witt Theorem for Hk)- Both statements of the theorem are now immediately 
clear. □ 


We use the notation to indicate that a subspace M C C'^(14-eg) is a W-submodule 
or iffc-submodule of C°°(K-ec/) with respect to the vTfc-action. 


Remark 4.3. If the values ka of the multiplicity function k are considered to be independent 
central variables in the dehnition of Hk-, then Hk is graded by imposing the degree of w G IT 
to be zero and the degrees of n G T and ka to be one. As a graded algebra, Hk is the 
associated graded algebra of Cherednik’s [HI degenerate double affine Hecke algebra M.k, 
considered as a hltered algebra by the same degree function (the only difference in the 
dehnition of Elfc is the cross relation (see Theorem Me)), which now is of the form 

Sa-V - • Sa = kaDa{v) 

for a E I, where S{V) is considered as a IT-module algebra with the action of Sq dehned 
by sov = s<^(n) + 2119311-^(^^)1 ^ S{V))- 

Lemma 4.4. The center Z{Hk) of Hk contains S'(T)^°. 


Proof- Observe that the cross relations in Hk (see Theorem l4.2l( cB imply 
(4.9) Sa-p- {sDaP) ' Sa = -K ^ 

for a G / and p G S'(T)c. It follows from ()4.9jl that S'(T)^° C Z{Hk)- □ 


Remark 4.5. Observe that the subalgebra if® C Hk generated by ITo and S'(T)c is 
isomorphic to the degenerate affine Hecke algebra (also known as the graded Hecke algebra), 
see e.g. [12] and |2S|- By |221 Prop. 4.5] we have Z(ii®) = S'(T)^'’. 


For trivial multiplicity parameters fc = 0, the operator pifD^) {p G S{V)c) on C°°{Vreg) 
is the constant-coefficient differential operator p{d) on C°°{Vreg)- We have the following 
striking fact when p G S{V)c is IFo-invariant. 


Corollary 4.6. For p G 5(1^)^^“ we have p{fD^) = p{d) as operators on C“(Weg)- 

Proof Let p G S'(H)^° and / G C°°{Vreg)- By (I4.4|l we have p(T’^)/|c+ = p{d)f\c+- Let 
w eW and v G C+- By Lemma f4.41 applied twice (once with multiplicity function fc, once 
with A: = 0), we have 

= {p{d){wf)){v) = {p{d)f){w-\), 


hence p{fD^)f = p{d)f- 


□ 
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Remark 4.7. The Dunkl operators Theorem 14.IL Theorem 14.21 and Corollary 14.hi have 
their obvious analogs in the context of hnite root systems. In that case, the Dunkl-type 
operators are 

aesj 

realizing, together with the ITo-action (El, an action of the degenerate affine Hecke algebra 
on the space of smooth functions on C \ Uaes+ classical root systems these 

operators were constructed using solutions of classical Yang-Baxter equations and reflection 
equations in |2H!, 121! (type A) and [H. This construction fits into Cherednik’s [2| general 
framework relating root system analogs of r-matrices to (degenerate) affine Hecke algebras 
and Dunkl operators. 

5. Integral-reelection operators and the propagation operator 

Heckman and Op dam na clarified the role of the degenerate affine Hecke algebra in 
Gutkin’s ini work when the underlying root system is finite. It led to an explicit action of 
<> as directional derivatives and integral-reflection operators. In this section we extend 
these results to the present affine set-up. We show that Gutkin’s m propagation operator 
intertwines this action with the action tt^ which is defined in the previous section in terms 
of Dunkl-type differential-reflection operators. 

The integral-reflection operators Qk,a (see E2D) for a G S are endomorphisms of CiV) 
satisfying 

(5.1) wQk,aW~^ = Qk,w{^), w eW, a e S 

with respect to the hh-action (EHl) on C{y). We furthermore have 
(5-2) Qk,af\va = /|i4) a e S. 

ByHB Thm. 2.3], the assignment 

(5.3) S(j I ^ Qki^^a) ■ Qk,a (® ^ -f) 

extends to a representation Qk of W on CiV). In particular, for tc G W and any choice 
of decomposition w = Sj^Sj^ ■ ■ ■ Sj^ as a product of simple reflections {ji G {0,..., n}), we 
have 

(5.4) Qki,'^') ('Sji)f?A:('Sj2) ' ' ' Qki.^jr') 

as operators on CiV). 

Definition 5.1. Gutkin’s im propagation operator Tk is the endomorphism of C{V) de¬ 
fined by 

(5.5) {Tkf){w~\) = {Qk{w)f){v), 

In particular, Tq is the identity operator on CiV). 


n G a 


w G IT. 
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A ly-submodule M C C{V) with respect to the Q^-action will be denoted by Mq^. By 
construction the propagation operator : C{y)Q —> C{y).„ is hh-equivariant. In fact, by 
ffH Thm. 2.6] Tk is an isomorphism of hh-modules. 

Observe that the operators Qkiw) {w G W) preserve the space C°°{y) of complex valued, 
smooth functions on V. The following result is the affine analog of [TKl Thm. 2.1] and jlHl 
Cor. 2.3]. 

Theorem 5.2. The assignment n h- ^ (n G V), together with the W-action (15. 3 j) on 

extends uniquely to a representation Qk ■ ^ End(C°°(C)). 

Proof. It suffices to verify the cross relations (see Theorem I4.2lf clh which follow directly 
from mi Lem. 2.1]. □ 

We will also use the notation Mq^ to indicate that a subspace M C C°°{V) is a 
hffc-submodule with respect to the Q^-action. Observe that C'^{y)Q C C'^{y)Q as Hk- 
submodule. 

Consider the space CB'^iV) of functions / G CiV) such that /|c is the restriction of a 
(necessarily unique) analytic function on V for all alcoves C E C (cf. Remark l2.41) . Denote 
C“’(^)(R) for the space of functions / G CB‘^{V) satisfying 

(5.6) = (l - {-ir)hd^yf{v + 

for b G S’*', V E Vb sub-regular and r G Z>o. A function / G automatically 

satisfies the jump conditions (jEni) for 6 G S , V E Vb sub-regular and r G Z>o, hence the 
space does not dependent on the choice of positive roots in S. We thus can 

and will interpret and CB'^{V)t,^ as W-submodules of C°°{Vreg)'Kk- Observe 

furthermore that is a subspace of the space used in the formulation of 

the boundary value problems (see Proposition 12.21 and Dehnition I2.3|l . 

Observe that the propagation operator Tk restricts to a linear map 

Tk : C^{V) CB^^iV). 

We now obtain the following theorem. 

Theorem 5.3. (i) C C°°{Vreg)TTk *■5 ® Hk-submodule. 

(ii) The propagation operator Tk restricts to an isomorphism 

r* : C“'(V')g. ^ C“'’W(V'),. 

of Hk-modules. 

Proof. We first show that Tk restricts to a linear isomorphism Tk : C‘^{V) —> 

For this we use the commutation relations 

(5.7) s, ■ {Da'^y - i-ir{Day^ • s, = (l - {-ir)kyDa'^y-\ aEl, rEZ^o 

in Hk, which follows from (14. 9|) applied to p = {DoPy E S{V)c- 

Let 0 G C^y) and denote / = Tk<p E CB'^y). We show that / satisfies the derivative 
jumps dsini) over sub-regular v E Vb {b E S’*") for all r E Z^q. In view of the W-equivariance 
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of the propagation operator T^, it suffices to derive the derivative jumps for / over sub¬ 
regular vectors u G 14 fl C+ (a G /). Fix a G /, u G 14 H 4+ sub-regular and r G Z>o. For 
e > 0 small we have v + tDa^ = Saiy — tDa^) G 4+ for 0 < t < e. Hence 

(5.8) doa'^fiv + = Qfc(sa)(a4„v0)(u), 

where the second equality follows from D- On the other hand, 

(5.9) a2,,v/(u-0Da^) = + = (-l)^a4,v(Q.(s40)(u). 

Combining (EHD and (Q now yields 

9£„v/(t> + ODa'') - - QDa') = ((Q,(sJSJ,„v - (-l)'-9^„.Qi(Sa)).#>)(«) 

= (i-(-ir)Las;i/(t’ + 0BT), 

where the second equality follows from (the Qfc-image of) (I5.7|l . Thus / G 4‘^’*^^^(ld). 

The map : 4^(4) —>• 4‘^’(^^(ld) is clearly injective. We now proceed to prove surjec¬ 
tivity. Let / G 4‘^’*'^^(ld) and denote 4 for the unique analytic function on V satisfying 
4|c+ = f\c+- The function g '■= f — Tkip G satishes g\-^ = 0. Combined with 

the continuity of g and the derivative jump conditions (15.6|) for g, we obtain 

(a’o,.g){v-0Da')^0 

for r G Z>o, a E I and n G 14 O 4+ sub-regular. Since g\c (4 G C) has an extension to 
an analytic function on the whole Euclidean space V, we conclude that g\-^ = Q for the 
neighboring alcoves 4 = Sa4+ (a G I) of 4+. Continuing inductively we conclude that 
= 0 on 1/, hence / = Tkip. 

It remains to show that the isomorphism 

T : C“(V')g. ^ 

of VF-modules is in fact an isomorpism of iLfc-modules. For this it suffices to show that 

(5.10) n(9,/)ivg„ = ®.‘(n/i,i.,) 

for n G Id and / G 4“^(Id). To prove ()5.10|1 we use the commutation relation 

(5.11) w ■ V = (^{Dw)v'j ■ w + kaDa{v)wSa 

aGS+n-uj-lS- 

in iLfc, which can be easily proved by induction on the length l{w) of tc G Hd using the cross 
relations in Hk (see Theorem lOKc)). Fix tc G IF and v' G 4+. By (I5.11j) and Theorem 
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o we have 

Tk{d^f){w~^v') = Qk{w){d^f){v') 

= d(Dw)viQkiw)f){v') + ^ kaDa{v)QkiwSa)f{v') 

aes+nio-is- 

= dy{Tkf){w~W) + ^ kaDa{v)Tkf{saW~^v') 

aGS+n«)-lS- 

= P,^(T,/)(«;-V), 

where the last equality follows from (lOll . □ 

Remark 5.4. The assertion m Thm. 2.7] that, in Gutkin’s notation, the propagation 
operator is an automorphism of the IV-module CB°°, seems to be incorrect. In fact, 
the integral-operators X(a) (a G S) do not preserve CB°°, contrary to the claim in the 
proof of HD Thm. 2.7]. In HD, this result is used to link BVPfc(A) to E{X) (see (Id.lD h 
We will show in Section El that Theorem I5.,‘fl( iil suffices to provide this link. 

Remark 5.5. Theorem 15.51 has an obvious analog in the context of hnite root systems 
(compare with Remark I4.7|l . In the case of hnite root system of type A, the intertwining 
properties of the propagation operator with respect to the degenerate affine Hecke algebra 
actions were considered in HHl and the normal derivative jump conditions of higher order 
were considered in jl2j . 

Corollary 5.6. Fix v E V. The Dunkl operator is a linear operator on 
satisfying Vl[Tkf) = Tk{dyf) for all f E C^{V). 

In the following proposition we relate the Dunkl operators to the quantum Hamil¬ 
tonian TLk (see (EH and (I2.5|l h Recall that P 2 {d) = A for the Wo-invariant polynomial 
P 2 = II ■ IP on V*. 

Proposition 5.7. For f E we have 

(5.12) -p^{V^)f = nkf 

as distributions on V. 

Proof Fix / G then p 2 {V’^)f E C C(V) and P2(2^")/|y.., = 

by Corollary 14.61 Furthermore, / satishes the hrst order normal derivative jumps (EH) 
over the affine hyperplanes Va {a E F’*'). The identity (I5.12|) then follows from a standard 
argument using Green’s identity, cf. (the proof of) Proposition 12.21 □ 

By Proposition 15.71 it is justihed to interpret the quantum Hamiltonian TCk on 
as the operator —p 2 {B^) on The complete integrability of the quantum sys¬ 

tem is then directly rehected by the commutativity of the Dunkl operators T)^ [v E V). 
More precisely, the space serves as an algebraic model for the Hilbert space 

of quantum states associated to the bosonic quantum system on V/Q'^ with Hamiltonian 
Hk = —p 2 {V^). The pair-wise commuting operators pifD^) {p E *S'(I7)^“) on C‘^’(^)(I/)]P 
are the corresponding quantum conserved integrals. 
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6. The boundary value problem revisited 
The operators p{V^) {p e on satisfy 

p(®‘)/Ik., = p(S)f\v„„ f e 

by Corollary I4.til This key observation leads to an explicit connection between the spec¬ 
tral problem of the operators p{V^) {p G *S'(C)^°) and the bonndary valne problem as 
formnlated in Dehnition l2.dl We will hrst do the analysis for the spectral problem of the 
qnantum Hamiltonian Hk (dehned by (I2.4|l and (I2.5jl i. 

For T G C we write S{E) for the space of fnnctions / G C‘^{y) satisfying A/ = —Ef 
on V (cf. Example 1231) • By Lemma lOl C C^{V)qi^ is a iffc-snbmodnle. Denote 

£k{E) for the space of fnnctions / G CB‘^{V) satisfying Hkf = Ef as distribntions on V. 

Theorem 6.1. Fix T G C. 

(i) The space £k{E) is the Hk-submodule o /eonsisting of eigenfunctions of 
P 2 {T>^) with eigenvalue —E. 

(ii) The propagation operator Tk restricts to an isomorphism 

n -■ £{e)q, ^ 4(B)„ 

of Elk-modules. 

Proof, (i) We first show that Sk{E) C Fix / G Sk{E). By Proposition 12.21 

/ G n CB^{V) and A/lv;.^^ = —Ef\v^^g. Let fj be the nniqne analytic fnnction 

on V satisfying 'if\c+ = f\c+, then if G £{E). By Theorem 15.hi and Corollary 14.61 we 
conclnde that Tkif G and A{Tk'if)\vreg = -E{Tk'if)\vreg- Hence 

g-.= f-Tk'ifeC^’^’^\V)nCB^{V) 

satisfies Ag\v^^g = —Eg\v^^g and has the additional property that g\-^ = 0. Fix n G VaFC+ 
{a G I) snb-regnlar. The nontrivial normal derivative jnmp condition (I2.6|l for g a.t v 
trivializes since g\-^ = 0, hence g is continuously differentiable in an open neighborhood U 
of V. It follows that g\u is a distribution solution of the (hypo)elhptic constant coefficient 
differential operator A -|- T (cf. Example 12 .511 . hence g\u is smooth. Since g\-^ = 0, we 
conclude that 

d[)avg{v — ODa^) = df,gyg{v + ODa^) =0, r G Z>o. 

As in the proof of Theorem 15.dl we conclude that g\ s^c+ = ^ a & I. Continuing 
inductively, we conclude that = 0 on C. Hence / = Tkif G 
By Proposition 15.71 we conclude that 

(6.1) £kiE) = {/ G C"’(^)(I/) \p2iV'^)f = -Ef}. 

Furthermore P 2 {T)^) = '^k{P 2 ), hence Lemma 14.41 implies that £k{E)^^ C is a 

Fffc-submodule. 

(ii) This follows directly from Theorem 15.51 (I6.1|l and the fact that Qkij> 2 ) = P 2 {d) = A. 

□ 
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We now extend these results to the solution spaces BVPa;(A) of the boundary value 
problem fPehnition I2.djl . For a if^-module M and A G we dehne 

(6.2) Ma := {m e M | p-m = p(A)m Vp G 

which is a iffc-submodule of M in view of Lemma 14.41 By Remark the module Mx 
consists of the vectors m & M transforming according to the central character A G for 
the action of the center of the degenerate affine Hecke algebra C Hk- 

Corollary 6.2. Let A G V^. The space BVPfc(A) is the Hk-submodule x of 

Proof. By Corollary 14.61 and Theorem Ib.dl we have 

(6.3) = {/ e I p[S)!\v„, = p(\)l\v„. Vp e S(r)2'»}, 

hence ^ BVPfc(A). By Proposition 12.21 and Remark 12.41 we have 

BVPfc(A) C 4(-P2(A)). 

Theorem 16. II and ()6.d|l now imply that BVPfc(A) C □ 

Theorem 6.3. Let A G V^. 

(i) The propagation operator Tk restricts to an isomorphism Tk : E{X)q^ —^ BVPfc(A).n-j, 
of left Hk-modules. 

(ii) The map G (USD restricts to an isomorphism G : E{X)q^ —BVPa;(A))|^. 

Proof, (i) The restriction of the propagation operator Tk to the iLfc-module E{X)qi^ = 
G‘^(V)q^.^x dehnes an isomorphism 

n ■■ e(,x)q, ^ 

of iLfc-modules in view of Theorem 15.31 Corollary 16.21 now completes the proof. 

(ii) This follows from (i) and from the fact that the propagation map Tk acts on Qk{W)- 
invariant functions in the same way as the map G ira . □ 

As observed in Sectional Theorem l6.3lf iif can be used to reformulate the main results on 
the solution space BVPfc(A)))^ (see Theorem I2.6|l to the boundary value problem in terms 
of the space of invariants E{X)^, where E{X) now is the solution space to the boundary 
value problem with zero normal derivative jumps over sub-regular vectors. Theorem 13.51 is 
the resulting reformulation of Theorem 12.61 In order to prove Theorem 13.51 we analyze the 
space E{X)^ in detail in the following sections. 

7. Invariants in E{X) 

In this section we analyze the sub-space E{X)^° of IFo-invariants of E{X)q. First we 
recall some well known properties of the space E{X) from [20] and ng. For technical 
purposes it is convenient to introduce the following terminology. 
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Definition 7.1. Let J be a subset of the simple roots Iq. The spectral parameter X ^ is 
called J-standard if X & V*®iVf and if the isotropic sub-group of X in Wq is the standard 
parabolic sub-group Hq,J generated by the simple reflections Sa {a E J). 

Lemma 7.2. Let A G V^. The Wq- orbit of X contains a J-standard spectral parameter for 
some subset J C Jq. 

Proof. Taking a ITo-translate of A we may assume that A = p, -\- in with p E V* and 
V EVf. The isotropy group of z/ in Wq is a standard parabolic sub-group Wq^k C Wq for 
some subset K Iq. Write V* = with = spangja \ a E K} and (V^)^ its 

orthocomplement in V*. Set 

= WaEK}, 

which we view as the fundamental chamber for the action of the standard parabolic sub¬ 
group lTo,i^ on V^. Taking a ITo^i^-translate of A we may assume that X = p + p' + in 
with p E p' E and n E Vf a.s before. The isotropy sub-group of A in Wq then 

equals the isotropy sub-group of p in Ho, a, which is a standard parabolic sub-group Ho,j 
for some subset J ® K since p EVf^^. □ 

Observe that a J-standard spectral parameter A is regular if and only if J = 0. Note 
furthermore that the module E{X) (A G V^) only depends on the orbit IToA. When 
analyzing the module E{X), we thus may assume without loss of generality that A is J- 
standard for some subset J ® lo- In particular, we will now assume this condition for the 
remainder of this section. 

For j E Z>o we denote P^^\V)c (respectively P^-^\V)c) for the homogeneous poly¬ 
nomials p G P{V)c of degree j (respectively the polynomials p E P{V)c of degree < j). 
The VFo-action (12.811 on P{V)c respects the natural grading P(y)c = ®JLoP^^KV)c. 
Furthermore, 

EjiO) = {/ G P(H)c I Pid)f = piO)f Vp G ^(1/)^°.^} 
is a graded lFo,j-submodule of P{V)c, isomorphic to the regular representation of lFo,j 
(see e.g. m Thm. 1.2] and references therein). We write Ej\o) = Ej{0) fl P^^\V)c and 
E^j-^\o) = Ej{0) n P^^^\V)c. 

Denote by Wq the minimal coset representatives of Wq/Wq^j. Steinberg [301 established 
the decomposition 

(7.1) i5(A) = 0 «(i5j(0)e^). 

udWf 

It follows from (j7.1|l that P(A), viewed as a IFo-module by the action (I 2 . 8 |l . is isomorphic to 
the regular representation of Wq. Furthermore, we have E{X) = E^^\X) with E^^\X) 

the Ho-submodule 

E«I(A) = 0 u(Ef((,)e^). 

uewf 


We denote E^^^flX) = ^i^QE^P{X). 
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Representations of the finite gronp Wq do not admit nontrivial continnons deformations, 
hence E{X)q is isomorphic to the regular representation of Wq for arbitrary multiplicity 
function k. In particular, E{X)^° is one-dimensional for all spectral values A G V^. In fact, 
by (jSI21) the function 


(7.2) 


r> 


1 

Wo 


Qk(,w)e^ 

w£Wo 


satishes V’a(O) = ^ spans E{X)^°. On the other hand, by (dD there exist unique 

polynomials G Ej{0) {u G Wq) such that 


(7.3) 

ByCU we have 

(7.4) 


i-Uv) = Y, P e r. 

u£WJ 

E{X) = 0 Ce^\ X G Rc* regular, 

uiSWo 


so the polynomials {w G Wq) are constants for regular A. In fact, from e.g. [S] and m 
Sect. 2] we have 


(7.5) 


W) 


1 

w 


Ck{wX)e^^^^\ 

uiSWo 


A G regular. 


where the c-function Ck is given by (El. In the remainder of the paper it will actually be 
more convenient to work with the regularized c-function 

(7.6) e,(^):= [[ . P e >4 

Q,eE+ 


which is equal to Ck(p) for regular p. We can then write 


p 


A 

w 


1 

w 


Cfc(wA), 


A G VJ regular. 


For singular A an explicit expression for p^ G Ej{Qi) {u G Wq) is not known. For our 
purposes it suffices to have explicit expressions for the highest and the next to highest 
homogeneous components of p^, which we will now proceed to derive. 

We denote Eg C Eq for the parabolic root sub-system associated to the simple roots 
J C Jg. We write Nj for the cardinality of the corresponding set E^ := Eg fl E(j" of 
positive roots in Eg and 

sj = \ Y “ ^ 

aGS^’+ 

Recall that the minimal coset representatives Wq of Wq/Wq can be characterized by 

Wg' = {MGWo|M(Eg^’ + )CE+}. 
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The following lemma now gives a derivational expression for {u G Wq). 


Lemma 7.3. Let X E be J-standard. For u G Wq we have 


pt = Kj 




dt^j 


t=o 


,'ueWo,j 


duit)e^ 




with coefficients 

duif) = {^u5j{a'^)t + uX{a'^)) e-uvif) = + MA(a^) + 

aes+\n(s^'+) aes+ 


and with strictly positive constant Kj = Nj\jj^WQ naes-^’+ 

Proof. By (Q, 'if^{v') {v' G V) depends analytically on the spectral parameter p G V^. 
In particnlar, with := A + t5j G depends analytically on t G C, and we have 

the (point-wise) limit 

(7.7) 


For e > 0 we write 


= {t G C I 0 < |t| < e}, U, = {t EC\\t\< e}. 


There exists an e > 0 snch that Xt is regnlar for t E U^, hence 

1 


a = 


#1^0 


E n 

weWo VaGS+ 


wXtja^) + kg \ 
wXt{a'^) 


t E W 


by (EH). Splitting the snm into a donble snm w = uv with u E Wf and v E IFo,j and 
nsing 


n uvXtia^) = (-lyiuPiL^Nj jj Yl XtiP'^) 

/3es+\s^-+ 

n Sjia'') n 


aeS, 


QiGzjq 


/3GE+\«(E^’+) 


we obtain 
(7.8) 


t^^ijl = KfNj\ Y1 du{t)eu.{t){-iy^^^e^^^^^+^^ 

uewf v£Wo,j 


as analytic fnnctions in t G (note that du(t) is analytic at t G Uf). By ()7.7j) . V’a is 
the Njth term in the power series expansion of (EHl) at f = 0 , which yields the desired 
resnlt. □ 
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Define the strictly positive constant Cj by 

^ 

#1^0 


n 




J,+ 




The highest and next to highest homogeneons terms of G -Ej(O) (n G Wq) can now be 
explicitly compnted as follows. 

Proposition 7.4. Let A G &e J-standard and u G Wq . 

(i) The highest homogeneous term h^ of G Ej{0) is of degree Nj and is explicitly given 
by 

hi=c%(u\) n 


a. 




J,+ 


(ii) Suppose that A is singular (he. J ^ tj)). The next to highest homogeneous term of 

pi 6 Ej(0) is 


ni = d^-,,sJhi)=C';ct(u\) n 


a 


/36S^'+ 


aeSo^’+\{/3} 


with 

(7.9) 


pI = 






a 


ia{a'^) + ka 


G Vr 


Remark 7.5. The formnla for should be read as an identity between analytic functions 
in fee > 0 (the possible singularities are easily seen to be removable). 

Proof, (i) Observe that e„^(0) = e„(0) is independent of n G lTo,j, and 

<i«(0)e„(0) = Ck{u\) JJ /c„. 


oes. 


J,+ 


Combined with Lemma o we conclude that the highest homogeneous term h^ of p^ is 
given by 


(7.10) 


flk jNj 


t=0 


E (-1)" 


v) tvSj 




Nj\ 


ck{ux) - 

veWo,j 


On the other hand, by the Weyl denominator formula for Eg we have 




dt^J 


E(-i) 

i=0 ^gVEo,j 


l(v)^tv5j _ 




dt^J 


JS.i 


t=0 


n (1 - e -‘“)=Nji n 


a. 


«es, 


j,+ 


qGS 
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Combined with the hrst equality in (I71U1) we obtain the desired expression for h^. 
(ii) The next to highest homogeneous term of is 


.A 


Nj 




V&Wqi 


(-n'ML'Sj) +L(0) W (-I)‘i”><..(0)(t-L) 


Nj-l 




in view of Lemma Ea where the prime denotes the f-derivative. The hrst lTo,j-sum in this 
expression is identically zero since it is a lTo,j"alternating polynomial of degree < Nj. By 
a direct calculation the remaining expression can be rewritten as 

veWo,j 


The desired expression for now follows from (I7 :tud . 


□ 


8. The Bethe ansatz equations 

In this section we show that E{X)^ 7^ {0} implies that the spectral parameter A is a 
purely imaginary solution of the Bethe ansatz equations (ETUI) . 

From the results of the previous section it is clear that E{X)^ is one-dimensional or 
zero-dimensional. In fact it is one-dimensional if and only if in which case 

we have 

E(X)^ = = spane{V>q. 

It is convenient to reformulate these observations in terms of 

(8.1) iTfc = d^yQk{cLo) + k^p 

(viewed as an operator on e.g. C°°{y) or E{X)), which satishes the elementary commuta¬ 
tion relations 

Jkdv = ds^vJk, 'iveV 

(the operator can be dehned on the level of the algebra Hk as the element • Sq + G 
Hk^ in which case it is the analog of the affine intertwiner from |3] and |271 Sect. 4]). The 
equality Qkiao)^!^ = i/Jx clearly implies Jkipi = {d^y -F 

Lemma 8.1. If X is regular, then Jk'fx = implies Qk(,o.o)'4’x = 'fx- 

Proof. By (D we have a unique expansion 

uigVFo 

with dyj G C. We conclude from the equality Jk'fx — + kp)'ipx wX{ip'^)dw = 0 for 

all w G Wq. Since A is regular, this implies d^, = 0 for all w G Wq. □ 

For p G P(y)c — *S'(lA*)c we write p{d^) for the associated constant coefficient differen¬ 
tial operator acting on smooth functions in p G V^. 
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Lemma 8.2. Let p G PiV)c — S{V*)c- For w G Wq we have 

(a^v + k^){p{w-^-)e^^^){v) = p{d^^){{p{w-^p^) + 

where we view the left hand sides as functions inv & V and the right hand sides as functions 
in p & V^. In particular, 

Jk{P^-^\V)ce^) Cp(^^\V)ce^->^, (a^v + fc^)(p(^^)(V^)ce^) C 
for j G Z>o and p E Vq. 

Proof. Observe that 

and p{d^) (acting on p E V^) clearly commntes with and {d^v + k^) (which act on 
n G Id). Thns it snffices to prove the lemma for p = 1, in which case the second formula is 
trivial. To prove the first formula for p = 1 we may assume without loss of generality that 
tc = e is the unit element of ITo- Suppose that p G is regular. A direct computation 
using the definition (uni) of Qfc(ao) as an integral-reflection operator yields 

hence 

Jfc(e'^) =-(p(p^) + y 

In the latter formula the regularity constraint on p can be removed by continuity. □ 

We denote : E{X) —>■ P^-^^(A) for the projection onto p('^)(A) along the decomposition 
E{X) = Observe that 

Nj 

(8-2) IdE(A) = 

j=0 

if A is J-standard in view of Proposition OKi). In this section we consider the constraint 
on A such that 

(8.3) {Jki^x) = TT? 

for the highest degree component j = Nj. 

The map u ^ , where E Wq is obtained from the unique decomposition 

(8.4) s^u = W^uj, E Wq, uj E Wop, 

defines an involution on ITq'^. Observe that 

(8.5) {u-^)j = {uj)-\ u E Wq^. 

Recall that Ck denotes the regularized c-function (ESI). 
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Lemma 8.3. Suppose that X E is J-standard. 

(i) The equation (Q for j = Nj holds if and only if A satisfies the equations 

(8.6) Ck{s^uX){uX{ip'^) - = Cfc(MA)(MA(v3^) + k^), ^u E Wf 

(ii) For u E Wq and for multiplicity functions k such that CkiuX) ^ 0, we have 

Ck{SipuX) ^ uX{a ) — ka 


Ck{uX) 


uX{a'^) + kc 


Proof, (i) By (I7.3j] . Lemma f8.21 and Proposition OKi) we have 
(8.7) 


u£Wf 


«es, 


. 7 ,- 1 - 


+ K)‘^x) = CkiuX){uX{ip'^) + k^)e'"^ ua. 


u£Wf 


aeS, 


J,+ 


The proof now follows by equating the coefficients of nogS‘^’+ ^ ^o) 

using (IH 31 )- 

(ii) We first compare the denominators of CkiuX) and Ck{s^uX) = Ckiu'^X). If /r G is 
regular then 


pL{a^) = M‘^/i(a^) (uMj V(/3^))' 

aes+\«-^s^’+ 


aes;: 


_ /_1 \l(uj) 


P^uuXt.'q'^ 


lyXj) JJ s^uu/p{a'^) JJ {uu/p{p'^)) ^ 






= Yl uu/fi{a'^). 

QGT,f\u'Sf^ 

Taking the limit p —>■ A we obtain 

JJ n^A(a^) = (-l)h-P+i Yl uX{a^). 

aeS+\«- 7 S^’+ aGS+\«S^’+ 

A similar (and easier) computation leads to the comparative formula 


JJ (M-^A(a^) + ko) = 

a&T.+ \uJT,f+ 


n 


.J 


uX{P'^) — ky 
_ uX{[d^) + kp 


JJ (MA(a^) + ka) 

aGSj\«So’+ 


for the numerators of Ck{uX) and Ck{u'^X). Combining both formulas leads to the desired 


result. 


□ 


Recall from Section |21 that BAEfc is the set of purely imaginary solutions of the Bethe 
ansatz equations (ITTUD . 
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Proposition 8.4. Suppose that X & is J-standard. The equation (jHISl) for j = Nj 
holds if and only if X E BAE^. 

Proof. We first show that A is purely imaginary if A satisfies the equation dHSI). Let = uX 
{u G Wq) be the element in the Wo-orbit of A having its real part in V^. Then Cfc(/i) 7^ 0 
since the multiplicity function k is strictly positive, hence (USD and Lemma IH.dIf iif imply 

rr 

+ AA _fr{a^) + ka 

The modulus of the left hand (respectively right hand side) of is > 1 (respectively 
< 1) since the real part of /i is in Vf and the multiplicity function k is strictly positive. 
Thus ^1 = 1) implying that is purely imaginary. Since yP = with 

ruj strictly positive integers and since the real part of /i lies in we conclude that /i(aj) 
is purely imaginary for all co-roots aj (j = 1,.. ., n). This implies fi G iV*, hence A G iV*. 

Combined with Lemma IHSKi) it follows that A satisfies (IHini) for j = Nj if and only if 
A is a purely imaginary solution of the equations (jHH). For purely imaginary A we have 
CkiuX) 7^ 0 for all u G Wf due to the strict positivity of the multiplicity function k. The 
proof now follows from Lemma f8.8lf iif and Remark o □ 

As an immediate result we obtain the following “regular part” of Theorem 13.51 

Corollary 8.5. Suppose that A G fs regular. The space E{X)^ is zero-dimensional or 
one-dimensional. It is one-dimensional if and only if X E BAE^. In that case E{X)^ is 
spanned by dnn). 

Proof. By the observations at the beginning of the section it suffices to show that E{X)^ 7^ 
{0} iff A G BAEfc. 

Since BAE^ C iV* is a ILo-invariant subset and E{X)^ only depends on the PTo-orbit 
of A, we may assume without loss of generality that A is 0-standard. If E{X)^ ^ {0} 
then (IH3D holds, hence A G BAE*, by Proposition 18.41 Conversely, suppose that A G BAE^. 
Since A is regular we have Id£;(A) = by () 8 . 2 jl . hence Jkifx — by Proposition 

18.41 By Lemma IHH this implies Qk{ao)'f’\ = 'fx, hence 0 7^ G E{X)^. □ 


9. The master function 


In this section we prove Proposition 12.91 which yields a parametrization of the set BAE^ 
of purely imaginary solutions of the Bethe ansatz equations (I^TTUD by the weight lattice P. 

We first rewrite the Bethe ansatz equations (ITTUD in logarithmic form. By a direct 
computation using the elementary identity 


arctan(3:;) 


1 — ix 


{x E M) 


1 -\- ix 
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the Bethe ansatz equations (ITTUl) for A G iV* can be rewritten as 

—iA(a^) 


(9.1) 




arctan 

oSSo 


kn 


a{wif ) = 0 modulo 27rZ 


for all w G Wo. On the other hand, for fi ^ P the gradient of the master function 
S'fc(yU, •) : V* —>• M (see (12.141) 1 is determined by 

(9.2) (a^^fc(/i, •))(!?) = (^-27r/i+ ^ arctan a, ^), 

Comparing (EH) and (EH yields the following result. 


Lemma 9.1. We have A G BAE^ if and only if X = if] with rj & V* an extremal vector of 
the master funetion Skin, •) for some p G P. 


Proof. So is an irreducible root system in V*, hence {wip \ w G Wq} spans V*. Thus r] ^ V* 
is an extremal vector of ^^(/i, ■) if and only if [du,ipSk{fi, ■))(h) = 0 ^ which 

by ()9.2|1 is equivalent to 


r]{wyf') + a{wi.p^) arctan 
aeSo 





for all w G Wq. Comparing to (EH), the proof now follows from (EH- 


□ 


We thus need to analyze the extrema of the master function Sk{fi, •) at a given weight 
fi e P. Observe that the Hessian P| : x —>• M of Sk{fi, •) at G V* is independent 

of /i, and is given explicitly by 


(9.3) 




= /„ P) + i V A) ||^,||2 ^KKK) 

aeSo a ' sv J 


r], r]' G 


By the strict positivity of the multiplicity function fc, it follows from (EH that the Hessian 
P| is positive definite for all f E V*, hence Sk{fi, •) is strictly convex. Furthermore, for all 
fiEP, 

II£IP 

Skil^, 0 > -271 (/i, f) 00 , ll^ll ^ CX) 

hence Sk{fi, ■) has a unique extremum fik E V*, which is a global minimum. It now follows 
from (EH that fik (/i G P) is uniquely determined by the equation 

(9.4) Pfc + = 27r/i 

in I/*, where E V* (A G H*) is defined by 


arctan 

aeSo 



a. 
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Combined with Lemma ED it now follows that the map /i h-^ i^ik is a bijection from the 
weight lattice P onto BAE^.. The ILo-equivariance of this map is immediate from the 
equivariance property 

{d^^Sk{wiJ,,-)){wr]) = [d^Sk{n,-)){T]), Vtn G ITo 

for ^,7] eV* and fi E P. This completes the proof of Proposition 12.91 


10. Moment gaps 


In this section we prove Proposition I2.1()l which yields estimates for the location of the 
deformed weight fi = fik compared to the parametrizing weight fi E P. In view of dH 
and Lemma EH the deformed weight Ji E V* {fi E P) is the unique solution of 
The following lemma establishes the necessary bounds for 


Lemma 10.1. For X E V^, 

0 < a^p'') < PP 6 S„+ 

With hk = 


Proof. Fix A G and (3 E Sq . Let Sq be the set of roots a G Sq satisfying a{f3'^) > 0, 
then 


( 10 . 1 ) 



— arctan 


/A(£^A 

V / 




Each term in this sum is positive, hence a\{j3^) > 0. 

For the second inequality, we use the estimate for a G Eq, 


arctan 
leading to 
( 10 . 2 ) 


A(a^) 


arctan 


krv 


^A(aV)/fc„ X{(3^)(3{a^) 


<\{si3{oPJ))/kc 


1+ X- 


< 
2 — 




qGSS 


aeSo 


in view of jnEH). Now note that 


aeSo 

defines a ITo-equivariant linear map V* V*. By Schur’s lemma it equals Cfcldy* for 
some constant Ck E C. To determine Ck explicitly we fix a basis {ej}f^i of V and we 
denote for the corresponding dual basis of V*. Then 

n 

Ckn = 

j=l aGSo 
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with hk = 2X]aeSo Combined with (ll().2|l we obtain cr^(/3^) < ^A(/3^). □ 

Corollary 10.2. Let /i G P. ll^e have flk G V* if and only if fi & P+. 

Proof. Let /x G P and suppose that fik &Vf. Then for all G Sq , 

27r/i(/3^) = pfc(/3^) + > 0 

by Lemma flO.ll hence /i G . 

Conversely, suppose that fi G P^ and let w G Wq such that wfik E Vf. By Proposition 
r2.9l this implies wjif^ G Vf. By the previous paragraph we conclude that w/n G P~^. On the 
other hand P+ fl ILoh = {hli hence wfi = E P~^ and fik = wfik E Vf. □ 

Proposition 12.101 is now a direct consequence of Corollary 110.21 and Lemma 110.11 


11. The Pauli principle 


In this section we complete the proof of Theorem 1,1.51 (and hence also of Theorem 12.Oj) . 
In view of Proposition 18.41 and Corollary 18.51 it suffices to show the following root system 
analog of the Pauli principle. 


Proposition 11.1. If X E BAE^ is singular then E{X)^ = {0}. 


For the proof of Proposition 111.11 we may assume without loss of generality that A G 
BAEfc is J-standard (in particular, A G iVf). We write VJ C V* for the real sub-space 
spanned by the subset J of simple roots. Its complement in V is dehned by 


E/ = {uGE|e(T) = 0 y^EVf}. 

iff A is regular. 

Consider the linear map : V ^ V dehned by 

ka(y{v)a^ 


Observe that Vj = E iff J = 


iq(v) = V 




U2 

aGSo 


A(aV) 


VI 2 ’ 


veV. 


Lemma 11.2. Let A G iV* be a singular J-standard solution of the Bethe ansatz equations 
(ITTUl) . Then A satisfies the constraint 

( 11 . 1 ) + O'/'a) 

€Kl(V) c i//. 

Proof. Fix a singular J-standard solution A G iVf of the Bethe ansatz equations (ITTUll (in 
particular J 7 ^ 0). By a similar computation as in the proof of Proposition 18.41 we obtain 
from ()7.8|1 . Lemma f 8 .21 and Proposition 17.41 

= Cj ^ Cfc(MA) ^ M/?(a„A)e“'^ JJ ua, 
u<EWJ /3es^'+ aGS^’+\{/3} 

u&Wf /3eS^'+ aGS^’+\{/3} 


u'^uja 
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with vectors a^,h^ E Vc {fi E Vq) given by 

+ K)pI + 

- K) (Pt^ + ~ 

where we have used the involution on hhg'^ defined by ()8.4|1 . as well as ()8.5|1 . For u E 


we have 

u'^uja = (_l)h«.) I ^ 

/3GS^’+ aes^'+\{/3} \/3es^’-' 


2 ^ ^ 



upjbuJx) 

u-^uj[3 

uu~/l3{b^jx) 

u-^P 


n 

aGSy+ 


u'^a 


n 


w^a 


aGS 




/3/—V''^)d" \ 


u'^a. 




aGSy+\{/3} 


Consequently (dH) is equivalent to 

Ck{u\)uP{aux) = Vn G , V/? G So^’+. 

Since A is a solution of the Bethe ansatz equations (see (Eini) for the convenient equivalent 
form of the Bethe ansatz equations) this is equivalent to 

(11.2) {u\{(p^) - k^)aux - {u\{(p^) + k^)s^bux e u{Vj^), WuE Wq. 

Note that (lll.2j) only depends on the coset MhFo,j (n G Wp). Using the explicit expressions 
for ttux and bux we can rewrite as 

/ X /-It -1 h \ f — kP — 2k^\ 

(11.3) {w - w _ p 2 - ) ^ P ^ 'iwEWo. 

We match (fTOl) to the desired condition K^{V) C Vj- as follows. Since Sq is an irreducible 
root system in V*, the condition K^{V) C Vj- is equivalent to K\{w~^p>'^) E Vj- for all 
w E VFo, which in turn is equivalent to ()11.3|) if 

(11.4) = (--VL - “’-V'' 

for all w E IFo. To prove (fTTl) we first observe that 

k k knO''^ 

^‘PPs^wX ~ PwX ~ 2 , 




_k‘^— wX{a'^y 


by the explicit expression (El for p^. Using (ITT^ this can be rewritten 


as 


w V^A - w ^s^ptwx = + 2 

aes;t 


wX{p'^y — kpp 


kaa{p'^)w 

k'^ — wX{a'^y 
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The second term can be rewritten as 

E kaa{ip'^)w~^a'^ 

k'l — w\{a'^Y 

«es+ 


E 

oeSo 


kaO.{ip^)w 

k'^ — wX{a'^y 


E kaa{w 

kl - A(av)2 
oeuo " ^ ' 


Combining the latter two formulas yields (ITOl) . 


□ 


It follows from (El that 

B-ix{Vv,Vv') 




v,v' eV 


with rj^ = (v,-) E V* and the Hessian of the master function Sk at —iX G V*. Since 
is positive definite, : V —^ H is a linear isomorphism. Proposition lll.ll thus is 
an immediate consequence of Lemma 111.21 
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